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If a cell of the body of an animal is divided into two equal daughter 
cells, then clearly each daughter cell contains only half the chromatin 
contained in  the mother cell.  Before dividing  again,  however, the 
chromatin in each daughter cell is increased to the amount contained 
in the mother cell at the expense of the surrounding cytoplasm.  This 
process  of division and increase of chromatin  is  continued  until  a 
definite  equilibrium  ratio  is  reached  between  the  cytoplasm  and 
chromatin, when further division ceases, unless the  cytoplasm con- 
tinues to increase by further absorption of food.  These facts, found 
by Sachs, Morgan, Driesch, Boveri, and others  I and the  further fact 
that the increase of chromafin at the expense of cytoplasm seems to 
be a  chemical process, as seen for example by the dependence of the 
increase  of  chromatin  on  the  presence  of  oxygen,1  led  Loeb  t,*  to 
advance  the  theory  that  the  process  of  cell  division  is  ultimately 
controlled  by  the  fundamental  chemical  laws  of  mass  action, and 
equilibrium.  He also concluded from the fact that the cells multiply 
in a geometrical progression that the synthesis of chromatin is limited 
by  an  autocatalytic monomolecular reaction;  that  is,  one  which is 
accelerated by its own product. 
What was said of the growth of chromatin must also hold true for 
the growth of the cell in the presence of food, and for the growth of 
any tissue and of the whole body of a metazoan; since the growth of 
the  cell is  in  geometric progression,  the  growth  of  a  tissue  is  the 
l Cf. Loeb, J., The dynamics of living matter, New York, 1906, 58--66. 
2  Loeb, J., Biochem. Z., 1906, i, 34; Biol. Centr., 1910, xxx, 347. 
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resultant of multiplication of cells, and the growth of the whole body 
is  the resultant of the interdependent and harmonious growth of the 
various tissues.  The whole body may therefore be said to be deter- 
mined by a  limiting autocatalytic reaction and  as  such  the  rate  of 
growth of the mass of the body should follow the velocity equation 
of  an  autocatalytic monomolecular reaction.  Robertson  8 and  Ost- 
wald  4 simultaneously but independently showed this to be the case. 
The velocity equation of an autocatalytic monomolecular reaction 
may be derived as follows: Let A  be the amount of limiting growth 
substance at the beginning of growth which is ultimately destined in 
the presence of nutrients to be converted into tissue; let the amount 
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FIG. 1.  Curve of ~  =  x(A  -  x).  Ordinates represent velocity, ~; abscissm 
represent ascending values of x. 
so  converted be  x;  and,  therefore,  (A  -  x)  remains  unconverted. 
dx 
By  hypothesis,  the  velocity  of  growth  ~-~  is  proportional  to  both 
(A -  x) and also to x which acts as the catalyzerof the reaction, that is, 
dx 
--  =  Kx  (A  -  x)  (1) 
dt 
3Robertson,  T.  B.,  Arch.  Entwicklungsmechn.  Organ.,  1907-08,  xxv,  581; 
Biol. Centr., 1910, xxx, 316; Principles of biochemistry, for students of medicine, 
agriculture and related sciences, Philadelphia,  1920. 
40stwald, W., Vortriige und Aufsiitze fiber Entwicklungsmechanik der Organ- 
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dz 
where K  is the velocity constant.  On plotting  ~  for various values 
of  x  a  curve  of a  rising  and  falling  type  is  obtained  with  a  maxi- 
mum at  the center where x  =  ,4  -  x  or x  =  ½A as shown in Fig.  1. 
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FIG. 2.  Velocity  curve  of  growth  of  the  Jersey  cow.  Ordinates  represent 
velocity of growth,  the height of the rectangles  representing  monthly gains in 
weight; abscissae represent age in months. 
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FIo. 3.  Velocity curve of growth of the Holstein cow. 
s~e have the same meaning as in Fig. 2. 
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A comparison of Fig.  1,  the  theoretical velocity curve of an auto- 
catalytic monomolecular reaction, with  Figs.  2  and  3,  the  velocity 
curves  of growth  of a  group  of  dairy cows in this  Station,  5 shows 
obvious similarities. 
These postuterine velocity curves of growth show two reactions or 
cycles with maxima at about 5 and 20 months of age.  The assyme- 
try of the curve of cycle A may be tentatively explained by assuming 
that  the second cycle, B,  begins  before  the  completion of cycle A, 
thus  resulting in  a  superimposition of the  two cycles with the con- 
sequent assymetry. 
Other factors may conceivably enter, such as deposition of fat at 
that  age,  as  suggested by Robertson in  connection with his  work.  8 
The other irregularities might be expected considering that the animals 
were kept  under  average,  which means highly variable,  conditions 
and considering the small number of animals on which the data are 
based  (Table I).  The irregularities in the second extranterine cycle 
B may be further accounted for by the fact that for reasons of econ- 
omy the animals were bred at 20 to 21 months of age, calving at the 
ages of 29  to 30 months. 
Cycle B is undoubtedly the last growth cycle, comparatively little 
growth being made after the age of 30 months.  According to Donald- 
son  6 and Robertson,  3 there are at least three such cycles in the mam- 
mal; if the tricyclic theory is true, then there should be at least one 
cycle in utero in addition to the extranterine cycles A  and B.  There 
is some evidence in this department, not enough, however, for pub- 
lication, indicating that there is indeed such an intrauterine cycle. 
Each of these cycles, according  to Robertson,  3 should  follow the 
equation of an autocatalytic reaction.  It is interesting, in addition 
to  the  qualitative  comparison  of  the  experimental  and  theoretical 
curves, also to find out what is the approximate quantitative agree- 
ment between the experimental and calculated values.  Equation (1) 
cannot be used for this purpose since, while the weights of the ani- 
mals  were recorded with  reference to  time,  their  age,  the  velocity 
Eckles, C. H., Univ. M4ssouri Agric. Exp. Station, Researck Bull. 36, 1920. 
8  Donaldson, H. H., Boas memorial volume, New York, 1906, cited by Robert- 
son (1907-08).  8 TABLE  I. 
Data on the Growtk of the Dairy Cow.* 
Age. 
mo$. 
0 birth 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
nbe 
~u ff 
~i hal 
'el ;he( 
83 
9 
9 
9 
9 
9 
9 
11 
11 
11 
11 
11 
11 
11 
11 
12 
13 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
13 
Holstein cows.  Jersey cows. 
~verage 
weight. 
lbs. 
9O 
121 
157 
2OO 
249 
302 
349 
389 
425 
466 
501 
529 
558 
574 
596 
612 
643 
660 
686 
715 
746 
774 
796 
824 
841 
869 
893 
925 
966 
994 
.ange 
111 
~ght. 
!bs. 
57 
23 
22 
48 
66 
97 
129 
169 
217 
251 
268 
291 
276 
237 
243 
186 
164 
174 
162 
183 
123 
216 
223 
177 
151 
188 
234 
261 
253 
255 
Average 
leviation 
from 
average 
weight.~ 
lbs. 
4.3 
5.6 
13.1 
15.3 
20.2 
21.9 
34.0 
31.5 
41.8 
50.5 
35.7 
39.9 
36.3 
38.6 
42.9 
42.2 
45.7 
36.0 
33.0 
31.9 
47.0 
51,5 
43.1 
38.8 
48.6 
42.0 
54.5 
55.0 
58.7 
evia- 
on.§ 
Y  e~nl 
3.6 
3.5 
6.6 
6.2 
6.7 
6.3 
8.8 
7.4 
8.951 
0.0 
6.71 
7.2 
6.3 
6.4 
7.0 
6.6 
6.9 
5.3! 
4.6~ 
4.3i 
6.0 
6.5 
5.2 
4.6 
5.6 
4.7 
5.9 
5.7 
5.9 
Number 
of  [ Aver~ 
animMs  [  weighl 
weighed. 
lbs. 
~4"  55 
6  76 
7  105 
7  140 
8  174 
9  222 
10  260 
10  302 
10  340 
11  376 
11  407 
11  432 
11  456 
11  480 
11  503 
11  520 
11  533 
12  553 
13  572 
13  598 
13  621 
13  649 
13  668 
12  689 
12  716 
12  737 
758 
770 
784 
804 
~ange 
in 
teight. 
lbs. 
35 
31 
34 
54 
73 
83 
101 
107 
134 
152 
146 
134 
124 
118 
127 
114 
87 
95 
78 
126 
130 
151 
108 
179 
133 
147 
188 
212 
92 
verag¢ 
ziatio~ 
from 
?erage 
,eight. 
lbs. 
10.7 
11.0 
14.4 
18.5 
22.0 
23.7 
20.8 
22.7 
23.5 
23.6 
35.2 
35.9 
34.3 
25.8 
31.8 
27.4 
29.3 
22.4 
31.4 
32.6 
32.6 
33.3 
47.6 
40.2 
39.3 
Devia- 
tion. 
per cent 
14.0 
10.5 
10.3 
10.6 
9.9 
9.1 
6.9 
6.7 
6.3 
5.8 
8.0 
7.9 
7.1 
5.1 
6.1 
5.1 
5.3 
3.9 
5.2 
5.2 
5.0 
5.0 
6.9 
5.6 
5.3 
* The animals were bred at 20 to 21 months of age,  calving at 29 to 30 months 
of age. 
t  Range  =  difference between observed extremes; thus the  observed extreme 
weights of Holstein calves were 55 and 112 pounds, a  range of 57 pounds. 
~d 
Average deviation  from average weight  =  a.d.  =  --,  a  numerical  measure 
n 
of  the amount  by which a  new observation taken  under the given conditions  is 
likely to  differ from the average value. 
§ Percentage deviation  =  __a'd" ×  100  =  Average deviation ×  100. 
m  Average weight 
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dx. 
-- in equation  (1) is not expressed as a  function of time.  Equation 
dt 
(1)  is  therefore first  integrated.  The  integration  is  performed  by 
writing 
dx 
--  --  Kx (A  --  x) 
dt 
in  the form 
dx 
dt  = 
Kx  (A  -  x) 
which is a  standard  form ready for integration 
Integrating and putting K  for KA  we get 
1  x 
t  =  ~: Iog-~  -~  +  c 
or 
X 
log A --x -- Kt +  C 
where C is the integration constant.  The precise meaning of C, the 
integration constant, and t, time, may be obtained as follows: Let t, 
time, be counted from the maximum of the velocity curve (A in the 
figure); that is, where x  =  A  -  x.  The value of t at the maximum 
point is therefore zero, so is log  x 
is  simplified to  A  -  x' and C also, and the equation 
x 
log A  --  x  -  Kt 
where t  is  the time interval between the maximum point of growth 
and any other time on the curve.  Instead of t, we may write (t -  h) 
when tl is  the age of the animal at  the maximum point of growth, 
and t is any age.  The equation becomes 
x  log--  =  K  (t  --  tt)  (2) 
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where x,  the weight of the animal, is expressed as  a  function of its 
age,  t.  Equation  (2)  is  the  form used by  Robertson.  s  If  desired, 
equation (2), a weight-age equation, may be changed to a velocity-age 
equation by differentiating it after some simplification and obtaining  7 
dz  Ke  gt 
dt  (1 + err)  ~ 
dx  where  ~  is  the velocity, t  and K  have the same significance as in 
equation  (2),  e  =  2.718,  the base of natural logarithms.  Equation 
(2)  will, however, be used on account of the relative simplicity of its 
application to the data. 
In equation (2), x is the weight gained from the beginning of any 
cycle up to any age, t, of that cycle; while A is the total growth made 
in  that  cycle which is  equivalent to  the limiting growth substance 
present at the beginning of the cycle.  If the cycle under considera- 
tion is preceded by one or more other cycles, then the growth of the 
preceding cycles must be subtracted from the weight of the animal 
at the age t in order to obtain x.  Let w be the weight gained up to 
the beginning of the cycle under consideration and x,  the weight of 
the animal at the age t; then equation (2) becomes 
log A  xl -- ~v  -(xl-w)  K(t-t0  (3) 
The simplest method of applying equation (2)  or (3)  is first to plot 
the experimental data on growth in terms of monthly gains  as  was 
done in Figs. 2 and 3.  The highest point of the velocity curve cor- 
responds by  definition to  the  age  tl.  Having  thus  evaluated  h,  a 
reasonable  beginning or  end  of  the  cycle is  chosen by  inspection; 
the growth made between the ages h and the beginning or end of the 
cycle is the value of. ½A, since t~ is in the center of the growth cycle. 
If the values of tl and }.4  are properly chosen, the values  of K  for 
different values of x  should be nearly constant.  If the value of K 
deviates  systematically  then  a  slightly  smaller  or  slightly  larger 
value of ½A is chosen until the systematic deviations disappear; the 
7 Cf. Lewis,  G. N., Z. physikal.  Chem., 1905,  lii, 310; Dept. Interior,  Bureau 
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value of A  can  be estimated  still more easily by changing  equation 
X  X 
--  =  Kt  to y  = Kt when y  stands for log ~  Since  (2)  lOgA  -  x  A  -  x 
x  ,  if  plotted  y  =  Kt  represents  a  straight  line  therefore  log  A  -  x 
against  t,  should  also give a  straight  line  for the proper value of A. 
x 
--  are plotted  A few values of A are chosen and a few values of log .~ _  x 
conveniently with the aid of semilogarithmic paper or still better by 
the aid of Robertson's tables, s  The value of A  giving the straightest 
line is the one chosen for computation.  The last graphic method of 
verifying  the  correctness  of the  estimated  value  of A  was  called  to 
our attention  by  Dr.  E.  R. Hedrick  of  this  University,  and  it  has 
proved very satisfactory in this work. 
The first extrauterine  cycle, A, should,  in  accordance with  the tri- 
cyclic theory of growth,  be preceded by another  cycle in  ulero;  that 
is, w in equation (3) should have some value other  than  zero.  Since, 
however, we have no data on intrauterine  growth of the  dairy  cow 
and  since the neglect of the relatively small gain in  the intrauterine 
cycle cannot affect the results very seriously, we shall  for the present 
assume w  =  0  and  the weight gained  up  to tl is ½A.  Assuming the 
value of tl  for the Holstein cow to be 4.5 months  when  the  animal 
weighs 275 pounds  (see Fig.  3), we get the  value  for  A,  275  ×  2  = 
550 pounds,  and equation  (2)  for the Holstein cow takes  the form 
X 
log 550 -- •  0.158  (t -- 4.5) 
which should enable computation of comparable values of the animal 
to  at  least  9  months  (2  ×  4.5)  of age which in  fact is  the  case as 
shown in Table II. 
After  9  months  of  age  the  observed  values  are  greater  for  the 
probable reasons previously explained. 
By the same method the equation for the Jersey cow is found to be 
x 
log  --  -  0.169(t--5) 
444--x 
s Robertson,  T.  B.,  Univ. California Pub. Physiol.,  1915,  vi,  211. SAMUEL  BRODY  AND  ARTHUR  C.  RAGSDALE  631 
This  equation gives an equally satisfactory agreement between the 
calculated and observed  average values for the Jersey cow as seen 
in Table III. 
TABLE  II, 
Age (t).  Weight observed (x).  Weight calculated 0t). 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
I0 
11 
90 
121 
157 
200 
249 
3O2 
349 
389 
425 
466 
501 
529 
~$. 
90 
120 
157 
202 
250 
301 
348 
393 
430 
461 
485 
5O3 
TABLE  III. 
Age (t). 
mo$. 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
Weight observed (z). 
lbs. 
55 
76 
105 
140 
174 
222 
260 
3O2 
340 
376 
407 
Weight calculated (x). 
/b$. 
55 
?6 
105 
140 
180 
222 
265 
3O5 
34O 
367 
389 
The velocity curves of the last cycle, B  (in Figs. 2/rod 3) are very 
irregular,  and  no  significance  could  be  attached  to  the  fit  of 
equation (3) for the data of that period.  The possible causes of their 
irregularity have been indicated.  It might, however, be  of interest 
to apply equation (3) to the data in order to illustrate the method of 
procedure.  If the growth of the Jersey cow is taken as example it 632  RATE  OF  GROWTH  OF  DAIRY  COW 
would seem reasonable from inspection of Fig. 2  to assume the value 
of  tl,  the  maximum,  as  20.5  months  of  age  when the animal weighs 
635 pounds--the average weight of the Jersey cow at maturity having 
been  found  by  Eckles  5 to  be  902  pounds.  A  is  therefore 2  ×  267 
=  534 pounds,  and  w  =  902  -  534  =  368  pounds.  Equation  (3) 
after evaluation of K  tl becomes 
zl -- 368 
log  =  0.0765 (t -- 20.5) 
534 -- (zl -- 368) 
Calculating x  as before, we  get Table IV. 
TABLE  IV. 
Age (t).  Weight observed (x).  Weight calculated (x). 
~$. 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
lbs. 
520 
533 
553 
572 
598 
621 
649 
668 
689 
716 
737 
758 
770 
784 
804 
lbs. 
513 
533 
553 
575 
598 
621 
645 
669 
690 
713 
734 
754 
771 
788 
803 
If  all  the  assumptions  are  correct,  and  if  pregnancy  under  the 
conditions  at  which  the  animals  were  kept  did  not  interfere  with 
their growth, then the observed weights before calving, at 29 months 
of age, should be greater by at least 55 pounds, the weight of the calf 
at birth,  than  the  calculated  weights.  The  effect  of  pregnancy  on 
growth,  however,  is  not  well  known,  the  evidence being somewhat 
contradictory,  9 and no conclusions can therefore be drawn  from this 
rather too close agreement. 
9 Cf.  Marshall,  F.  H.  A.,  The physiology of  reproduction,  London,  1910. 
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Table V shows the calculated and observed values during lactation. 
The large deviation of the calculated values from the observed values 
is in agreement with the established fact that lactation greatly retards 
growth,  g 
TABLE  V. 
Age (0.  Weight observed (z).  Weight calculated. 
mos. 
29 
35 
42 
48 
55 
68 
8O 
lbs. 
764 
779 
827 
854 
872 
887 
902 
lbs. 
803 
863 
890 
898 
900 
902 
SUMMARY. 
The growth period of the Jersey and Holstein cows is made up of 
at least three cycles, two extrauterine cycles with ma~ma at  about 
5  and  20  months  of age,  and  one intrauterine cycle, the maximum 
of which has  not yet been determined.  The  equation  of an  auto- 
catalytic monomolecul~r reaction was found to give very good results 
when applied  to  the cycle having its maximum at  about  5  months 
of age.  The values obtained from this equation when applied to the 
cycle having the maximum at  about  20  months of age were higher 
than  the  observed  values  probably  due  to  the  retarding  effect of 
pregnancy and lactation on growth. 
We are indebted to Dr. Walter R. Bloor and Dr. Carl L. A. Schmidt, 
Department of Biochemistry, University of  California, for valuable 
suggestions. 
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